We attempt to make a direct measurement of the weak lensing signal from the WMAP 7-year data. We apply the real-space implementation of the optimal quadratic estimator on the maps produced by the W-band Differencing Assemblies. We obtain a weak lensing amplitude parameter of A L = 0.99 ± 1.67 after correcting for several sources of bias. The error budget includes a contribution from the bias removal procedure. Despite the demonstrated insensitivity of the realspace estimator to uncorrelated noise, we conclude that this detection is not statistically significant.
I. INTRODUCTION
Gravitational lensing of the cosmic microwave background (CMB) radiation is a source of information on the interaction between the CMB photons and the fluctuations in the matter density distributed along their trajectory. This interaction causes the deflection of the CMB photons by the gradient of the lensing potential ψ, which results in the creation of correlations among initially uncorrelated modes. Since the matter fluctuations are in the linear regime on large scales, the deflections are small and consequently the total deflection can be described as a sum of multiple deflections along the unperturbed trajectory (Born approximation). The correlations appear in the form of non-diagonal couplings between gradients of the temperature and gradients of the lensing potential, hence as a non-linear signal which becomes important at small scales. By measuring these correlations, we can estimate the lensing deflection α = ∇ψ and consequently the lensing convergence κ = −∇ 2 ψ/2 which is a direct measure of the projected matter density.
Detections of a lensing signal in the CMB are usually summarized in the lensing amplitude parameter A L which describes the amplitude of the detected lensing power spectrum relative to the theoretical prediction. Thus, A L = 0 indicates no lensing, while A L = 1 indicates the standard ΛCDM model and General Relativity lensing theory. Recently there were reported direct detections of the lensing signal from experiments designed to look for non-linear signals in the CMB, yielding A L = 1.16 ± 0.29 from the Atacama Cosmology Telescope (ACT) data [1] , and A L = 0.90 ± 0.19 from the South Pole Telescope (SPT) data [2] . Although the Wilkinson Microwave Anisotropy Probe (WMAP) was not designed to look for non-linear signals, a detection from the WMAP full-sky data would provide a full-sky measurement of the lensing signal and complement the other detections.
We anticipate some difficulties in this detection. Since the experimental noise in the WMAP data overwhelms the lensing signal, a statistically significant measurement should not be possible and indeed the first detections were made indirectly by correlating the results with galaxy counts [3, 4] . There is however a reported direct detection of the lensing signal from the WMAP data using a kurtosis estimator, finding A L = {0.96 ± 0.60, 1.06 ± 0.69, 0.97 ± 0.47} from the data of the V, W and combined V+W bands respectively [5] , whereas a more recent less significant direct detection from WMAP data, using the optimal quadratic estimator [6] , found A L = 1.27 ± 0.98 [7] .
Here we base our measurement on an estimator with demonstrated insensitivity to uncorrelated noise [8] and good handling of excision of points [9] , which makes it a reliable tool for the extraction of the lensing signal from the WMAP data. Similarly to the optimal estimator, this estimator combines two filters of the temperature map weighted by the inverse of the variance. Instead of acting in Fourier space and using all the available sky for the reconstruction of the lensing potential at any point, this estimator acts in real space and uses the neighbouring points only, which presupposes a truncation of the kernel that convolves the two filters. Although truncating the kernel renders the estimator slightly suboptimal, it has a strong physical motivation. Since weak lensing is a small-scale effect coherent over scales of a few degrees [10] , information on the lensing potential at a given point is contained in the points within the degree scale, so we expect little gain in considering the information over the entire sky [11] . Thus a direct detection of a lensing signal from the WMAP data is both a test of the robustness of the real-space estimator and a comparison of the performance with other estimators.
The manuscript is organized as follows. In Sec. II we introduce the weak lensing estimator. In Sec. III we justify our choice of data and describe the simulations. We then proceed to measure the weak lensing signal. In Sec. IV we use synthesised map so as to simulate a control experiment, test the bias removal and setup the calibration. In Sec. V we use patches from cartesian projections of the full-sky maps. The results are summarized in Sec. VI.
II. ESTIMATOR OF THE CMB WEAK LENSING
The deflection of the CMB photons by the gradient of the lensing potential amounts to remapping the unlensed temperature anisotropies T to the lensedT in the direction θ bỹ T (θ) = T (θ + ∇ψ), where the lensing potential ψ is the projection on the image plane of the gravitational potential of the large-scale structure. For small deflections, the lensed temperature power spectrum is
where C is the unlensed temperature power spectrum. Both the unlensed temperature anisotropies and the large-scale structure are assumed to be Gaussian random fields. The remapping of one Gaussian field by another induces non-Gaussianities. The lensing signal is encoded in the off-diagonal correlations as a coupling between the photons and the gradient of the lensing potential. An estimator that captures the information in the coupling consists of a quadratic combination of the temperature map optimized so as to yield the minimum variance [6] . This estimator will also pick up the diagonal correlations which exist in the absence of lensing and which we must remove both from the estimated map and from the computed power spectrum. The diagonal correlations have a much larger amplitude than the lensing signal and are computed from simulated unlensed temperature maps. We measure the isotropic component of the convergence tensor, defined as κ = −(∂ 2 x + ∂ 2 y )ψ/2. We use the real-space estimator introduced in Ref. [8] which is based on the convolution of the square of the lensed temperature mapT with a local kernel W as followŝ
The real-space kernel W (θ, θ + , θ − ) is given by
where the corresponding Fourier-space kernel W ( + , − ) is related to the minimum-variance (to leading order) weight function Q( , ) by
upon the coordinate transformation = + , = ( + + − )/2. (See Ref. [8] for details). Here
where N is the noise power spectrum and N is the variance of the estimator defined by
In the integration we sum modes 2 ≤ , ≤ 1200, which comprise the modes observable by WMAP. The validity range of the real-space estimator is defined by the largest and smallest lensing modes that can be probed by the kernel. Hence, the lower limit is determined by the size of the maps, whereas the upper limit is determined by the size of the kernel [8] .
III. DATA AND SIMULATIONS
The relevant information for the reconstruction of the lensing potential lies on the angular scales close to the resolution scale of the map, which is set by the beam size. Hence we opt to use the maps produced by the four W-band differential arrays (DA) for having the smallest beam size 1 . To minimize the contamination of the lensing signal by spurious sources of nonGaussianity, we use the coadded, foreground-removed temperature maps [12] at resolution r9 2 . Moreover, to exclude foreground-contaminated portions of the sky at the location of the galactic plane and point sources, we use the pixel mask KQ85 which keeps 78% of the sky area 3 .
We conceive different experiments based on the specifications of the four DAs of the WMAP W-band 4 . For each differential array, we conceive two experiments: a) the experiment denoted by "theo," which consists of lensed CMB maps synthesised in the flat-sky approximation using the temperature (TT) and lensing deflection (αα) power spectra computed with CAMB [13] (on scales ≤ 1200, for a fiducial flat ΛCDM cosmology consisting of h = 0.7, Ω cdm h 2 = 0.122, Ω b h 2 = 0.0226, n s = 0.96, σ 8 = 0.85, τ rei = 0.09 and T 0 = 2.725 K), and b) the experiment denoted by "obs," which consists of temperature maps derived from HEALPix 5 [14] cartesian projections of the full-sky map produced by WMAP. The specifications of the experiments are summarized in 
IV. LENSING FROM WMAP-LIKE SIMULATIONS

A. The input maps
We first reconstruct the convergence map from simulations of the four DAs of the WMAP W-band. We synthesise lensed CMB temperature maps from the theoretical power spectra (TT and αα) computed with CAMB by shifting the temperature maps by the lensing deflection maps, according to the description in the Appendix of Ref. [15] . We then combine the lensed temperature maps with the beam window function and detector noise characteristic of each DA of the WMAP W-band, according to the description in Appendix B of Ref. [8] . We compute the noise power spectrum from a full-sky map synthesised as White Noise × σ 0 / √ N obs , where σ 0 is the rms of the noise per number of observations and N obs is the corresponding map containing the number of observations per pixel. From the noise power spectrum, we synthesise a noise map which we add to the beam-convolved, lensed CMB map. We call these experiments WMAP
For each experiment, we also generate unlensed CMB temperature maps from the theoretical TT power spectrum computed with CAMB. The unlensed CMB maps are generated using different realizations of the CMB map for the same cosmology, thus simulating different realizations of the temperature and noise maps. The unlensed CMB maps serve to model the Gaussian contribution of the CMB to the four-point correlations measured by the estimator of the lensing power spectrum which is the major contaminant of the lensing signal [16] .
B. The convergence maps
The convergence mapκ(θ) is estimated by convolving in real space the minimum variance kernel W (θ, θ + , θ − ) with the square of the temperature map from which we want to estimate the weak lensing signal. Both the lensed CMB power spectrum and a fiducial power spectrum for the unlensed CMB power spectrum enter in the calculation of the kernel. We generate the kernel for each DA. In the calculation of the kernel we use the lensed power spectrum computed with CAMB combined with the window beam function and the detector noise characteristic of each DA.
The kernel can be expressed as a series of eigenfunctions, the dominant being the m = 0 mode which we plot in Fig. 1 . (See Ref. [8] for the calculation of the kernel in real space.) The plots show that the kernels for the four experiments have the same size and similar structures within the 1% level, differing only in the smaller-scale structures (of order < 0.1
• )
at sub-percent level, so we expect that the corresponding lensing reconstructions have similar ranges of validity. In all cases, for the numerical implementation we truncate the kernel at θ kernel = 1.1 • , which is the spatial extent which corresponds to the 1% level. As previously tested, keeping sub 1% levels does not improve the reconstruction of the power spectrum [8] .
The convergence mapκ reconstructed from a lensed CMB map contains both the lens-ing signal κ |ψ and the contribution κ |ψ=0 due to the unlensed CMB map, which we write schematically asκ = κ |ψ + κ |ψ=0 . The zero-point function of this contribution amounts to an offset which we remove by subtracting the pixel average of the reconstructed convergence mapκ. The resulting convergence mapκ − κ pixel is unbiased in the sense that its expectation value is equal to that of κ |ψ . (See Refs. [8, 9] for details.)
C. The convergence power spectrum
The convergence power spectrum is computed directly from the unbiased convergence map. Its variance can be computed analytically from the variance of the convergence estimator Var[κ] given by Eqn. (6), while including also the cosmic variance, yielding
(See e.g. Ref.
[6] for a derivation.) In addition to the lensing signal, the convergence power spectrum also includes a Gaussian contribution due to the unlensed CMB (the diagonal correlations mentioned in Sec. II). Following Ref. [9] , we compute the Gaussian contribution using an ensemble of unlensed CMB maps synthesised from a common CAMB temperature power spectrum by varying the seed of each realization. A convergence map is reconstructed from each realization of the unlensed CMB and the corresponding convergence power spectrum is computed. The weighted mean of these power spectra is the estimate of the Gaussian bias that we must subtract off of the power spectrum of the convergence map reconstructed from the lensed CMB map. It is given by 
The weights wκ Var Cκ
The weights do not differ much, differing only by the cosmic variance contribution. The power spectrum corrected for the Gaussian bias is given by
which is a difference between two very similar quantities. The variance of this quantity is given by
where we include the uncertainty on the Gaussian bias which is given by the variance of the mean of the ensemble of the realizations, i.e.,
For each of the four experiments WMAP
, we obtain a convergence power spectrum using Eqn. (10) . The average is plotted in Fig. 2 (left panel, gray diamonds) . The bias uncertainty becomes subdominant in the entire range with the increase of the number of maps. The detection error is dominated by the estimator noise set by the first term in the right-hand side of Eqn. (7), which depends on the experimental resolution and detector noise. The decrease of power for large s marks the end of the validity range of the real-space estimator.
However, we observe that the result contains a large excess of power as compared to the input convergence power spectrum, also shown in Fig. 2 . This is in contrast with the results in Refs. [8, 9] , where the same method applied to simulations of the Planck experiment was able to retrieve the input signal. This indicates that in the comparatively lower signal-tonoise WMAP experiment, the quantity Cκ |ψ=0 CM B is no longer a good estimator of all non-negligible biases. A source of additional non-Gaussian bias are couplings of lensing modes that derive from higher-order terms in ψ in the Taylor expansion and that also contribute to the four-point correlation function of the lensed CMB, which is essentially what the estimated power spectrum measures. We expect to get a much better agreement with the input lensing signal if we are able to reduce the uncertainty in the CMB map, since these couplings add incoherently [16] .
We then proceed to synthesise an ensemble of lensed CMB maps, all from the same CAMB temperature and lensing power spectra used in the single realization described earlier on. The various realizations use different realizations of the noise map. A convergence map is reconstructed from each realization of the lensed CMB and the corresponding convergence power spectrum is computed. The mean of these power spectra will no longer contain the spurious lensing correlations. As before, we also generate unlensed CMB maps, estimate the corresponding convergence maps and average the power spectra over the unlensed realizations to obtain the Gaussian bias. We subtract the mean power spectrum of the unlensed realizations from the mean power spectrum of the lensed realizations, obtaining the unbiased power spectrum of the convergence C κ |ψ as
Here, the first term on the right-hand side averages out the lensing bias, while the second term models the Gaussian bias. Both terms are computed as weighted averages with the weights given by the inverse of the theoretical variance of each realization given by Eqns. (7) and (9) . The variance of C κ |ψ is given by is given by Eqn. (12) . The result obtained with Eqn. (13) is shown in Fig. 2 (left panel, black squares) . We observe that it closely reproduces the input power spectrum within the validity range of the real-space estimator. Since Eqn. (13) is correctly normalized to the true lensing power spectrum, we conclude that averaging the convergence power spectra obtained from different lensed CMB realizations removes the spurious lensing correlations measured with Eqn. (10) . This is similar to the approach suggested in Sec. V of Ref. [17] for the removal of the bias in ψ 2 (the N (1) bias).
As a measure of the statistical significance of the detection, we compute the best-fit lensing amplitude parameter A L . We fit the computed power spectrum with functions of the form A L C in , where C in is the input fiducial convergence power spectrum. The χ 2 -minimization yields an analytical expression for A L , which is essentially an inverse-variance weighting of the ratio C out /C in summed over all scales [3] ,
The error of A L is computed by propagating the error of Eqn. (16), yielding
We compute A L for each DA, (A Table II . For the combined result we find A L = 1.01 ± 1.46, which is consistent with the fiducial lensing power spectrum used as input.
V. LENSING FROM WMAP DATA
We now turn to the problem of detecting a lensing signal in the WMAP 7-year data. Having only one full-sky "realization" of the lensed map, we cannot compute the unbiased power spectrum using Eqn. (13) . However, we can still follow the suggested approach in Ref. [17] where the bias acts as a normalization effect and the estimator is seen as a convolution over the true lensing power spectrum. To deconvolve the bias and produce an unbiased estimate correctly normalized to the true lensing power spectrum, we use the simulation results of the previous section. For a given realization of Cκ in Eqn. (10), we define the bias calibration f cal,i as the ratio between Eqn. (10) and Eqn. (13) . A distribution of calibration functions f cal,i may be defined, one for each power spectrum computed by Eqn. (10) . The average f cal over the different realizations is shown in Fig. 2 (right panel) .
A. The input maps
We then proceed to reconstruct the convergence map from the temperature maps produced by the four DA's of WMAP W-band. We use the foreground-reduced maps and apply the KQ85 mask which keeps 78% of the sky area. We then make cartesian projections of the full-sky masked maps into patches of the same size (56
• × 56 • ) as the simulated maps in the previous section. The projections cover the whole sphere in steps of 45 degrees along the latitude and along the longitude. In a similar way, we also project the mask and the map containing the number of observations per pixel for each DA which we use to generate the noise patches. We call these experiments WMAP
. In Ref. [18] , a similar strategy is adopted to estimate the bispectrum from a full-sky map of a Planck simulation.
For each patch we generate unlensed CMB maps. These maps consist of the same CMB map combined with the DA's beam window function, plus a noise map computed as White Noise × σ 0 / √ N obs , where σ 0 is the rms of the noise per number of observations and N obs is the corresponding patch containing the number of observations per pixel. Finally we apply the corresponding mask patch.
B. The convergence maps
We generate the kernel for each DA. In the calculation of the kernel we use the lensed CMB power spectrum measured by WMAP, combined with the window beam function and the detector noise characteristic of the DA. For the fiducial unlensed power spectrum we use the power spectrum computed with CAMB. We plot the m = 0 mode in Fig. 3 . All kernels have similar size and similar structures within the 1% level, differing only in the smaller scale structures (of order < 0.1
• ) at sub-percent level. For the numerical implementation we truncate the kernel at the 1% level, which corresponds to θ kernel = 1.1
• similarly to the experiments in the previous section. From each patch i of the WMAP map from the Wband DA W j , we compute the corresponding convergence mapκ
. For illustration, we show three patches of the W 1 DA map obtained from projections centered at the galactic coordinates (long, lat) = {(0, 45
• N), (0, 0), (0, 45 • S)}, and the corresponding convergence patches (Fig. 4) . The contours of the mask are closely reproduced in the convergence patches, which demonstrates that the reconstruction is local.
C. The convergence power spectrum
To compute the Gaussian bias, we reconstruct the convergence map from various realizations of the unlensed patch corresponding to the single realization of the observed patch. The average power spectrum of these convergence maps, weighted by the inverse of their variance according to Eqn. (8) , is our calculation of the Gaussian contribution of the CMB to the convergence power spectrum of the patch. Thus, for each patch i and for each DA W j , we have
For each patch, we compute the average over the four DA's, which includes four autocorrelations and six cross-correlations in both the Cκ and the Cκ |ψ=0 CM B
terms, weighted . We recall that masking a map causes a degradation in the amplitude of the computed convergence power spectrum in comparison to the power spectrum computed from the complete map. This amplitude degradation has been quantified for masks of point sources with varying density and radius [9] . (Other methods have been proposed to estimate the bias caused by masking the CMB map [19, 20] .) We correct the convergence power spectrum of each patch by the amplitude degradation A(f masked i ) inferred for the fractional area of the corresponding mask patch f masked i , predominantly consisting of contiguous large areas. We also apply the bias calibration f cal derived from the simulations. We recall that the bias calibration allows one to deconvolve the biased convergence power spectrum computed from a single WMAP-like map to obtain the unbiased power spectrum. Hence, the final result is
The variance of C κ |ψ depends on the variances of f cal and C
. The variance of f cal , already shown in Fig. 2 (right panel) , is computed from the sample dispersion of the different realizations of the lensed CMB map, as illustrated in Fig. 5 .
The results, before and after the bias calibration, are presented in Fig. 6 , for both the convergence and the deflection field (which is the quantity most commonly used, for easier comparison with the results from other detections). After correcting with the bias calibration, we recover a lensing signal which agrees with the theoretical prediction. 6, 198] 1.12 ± 5.41 1.07 ± 7.09 1.14 ± 7.42 1.30 ± 6.43 1.16 ± 3.22 0.99 ± 1.67 In terms of the lensing amplitude parameter, the results for the four experiments, separately and combined, in the validity range of the estimator, are presented in Table III . For the combined result we find A L = 0.99 ± 1.67, which is similar to the findings in Ref. [7] . Since the distribution of calibrations implies an uncertainty in the calibration applied, the error of A L estimated from the data is larger than that of A L estimated from simulations (Sec. IV) where the calibration was exactly known.
D. Consistency tests
First, as a null test, we measure the convergence power spectrum from noise maps. In order to do this, we apply the estimator to noise patches synthesised for each DA from the corresponding σ 0 and N obs . These are the same maps that we have added to the simulated unlensed CMB maps (see Subsec. V A). For each DA, we average the convergence power spectrum over the different patches and present the results in Fig. 7 . The results are consistent with zero power, showing that the estimator is free of systematics. We notice that this result did not require a bias calibration, thus highlighting the lensing origin of the additional non-Gaussian correlations since they are not present in this test on noise maps.
We also test the general applicability of the calibration method. In order to do this, we change the input lensing power spectrum (by a constant factor) and compute the corresponding lensed temperature power spectrum. The cosmological parameters and unlensed power spectrum were left unchanged. This case may account for scenarios of modified theories of gravity where lensing properties are different while keeping the standard cosmology. We thus repeat the procedure in Sec. IV, namely we produce realizations of the lensed temperature map, add the WMAP noise maps and apply the estimator obtaining the convergence power spectra given by Eqn. (10) . Using Eqn. (13) we obtain an unbiased convergence power spectrum that recovers the input (Fig. 8, left panel) . More importantly, the bias calibration factor derived from these simulations is, on all scales, within 1σ of the calibration factor derived from the fiducial lensing potential (Fig. 8, right panel) . This is a good indication that the bias calibration is independent of the amplitude of the lensing potential and can be applied without previous knowledge of the amount of lensing present.
VI. CONCLUSIONS
In this manuscript we present a direct detection of the weak lensing from the WMAP 7-year data. We used the real-space variant of the optimal quadratic estimator originally defined in Fourier space. First we applied the estimator to maps synthesised so as to simulate the WMAP W-band. The conventional estimator of the Gaussian bias failed to recover the input convergence power spectrum, in contrast with its success in Planck simulations. This failure signaled the presence of an additional bias. A variation of this estimator was conceived which successfully accounted for the additional bias and recovered the input convergence power spectrum, with a lensing parameter of A L = 1.01 ± 1.46. The detection error is dominated by the variance of the estimator which depends on the experimental resolution and detector noise. By comparing the results of the two estimators, we derived an bias calibration which estimates the additional bias as a function of . Moreover, we showed that the bias calibration thus defined is independent of the amplitude of the lensing potential power spectrum.
We proceeded to apply the estimator to maps obtained from HEALPix cartesian projections of the full-sky maps produced by the WMAP W-band. We used the conventional estimator of the Gaussian bias, including the correction of amplitude degradation due to masking, and the bias calibration function. We achieved a good agreement of the detection with the theoretical prediction, as well as with the detection from the simulations, yielding A L = 0.99 ± 1.67. This detection is also compatible with previous detections. However, the large error renders this detection not statistically significant, similarly to the detection from the WMAP data using the harmonic implementation of the optimal estimator [7] . The detection from the WMAP data using a kurtosis estimator has higher significance because it aims for the lensing correlations of interest [5] .
Nonetheless, our detection serves as a proof of the robustness of the real-space estimator in dealing with extended masks and overwhelming experimental noise. Moreover, by comparing the results of a WMAP simulation with those of a Planck simulation, we bring attention to the dependence of biases on the experiment resolution. We expect that a full-sky experiment with higher resolution and lower detector noise, such as Planck [21] , will allows us to make a more significant measurement of the convergence power spectrum.
